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a b s t r a c t

An elastoplastic phase-field model was developed to simulate the morphology evolution of hydride pre-
cipitation in zirconium bulk material without flaws (considered in this part), and with flaws (considered
in Part II). In the present Part I, a theoretical framework based on the phase-field method is described. In
addition to long range order parameters used to describe the orientation difference of hydrides and the
conserved parameter used to represent the hydrogen concentration, the plastic strains were adopted as
new order parameters to describe the plastic deformation around the hydrides. The simulation results
showed that the plastic deformation decreases the stress level around hydrides significantly. Moreover,
the externally applied stress not only plays an important role in the morphological evolution of hydride
precipitation, but also results in tensile stresses inside hydride particles, which may cause crack initiation
at the hydrides.

� 2008 Elsevier B.V. All rights reserved.
1. Introduction

As primary structural materials in the nuclear power industry,
zirconium and its alloys have excellent characteristics, such as good
mechanical properties, corrosion resistance and low neutron
absorption cross-section. However, zirconium has a strong affinity
for hydrogen, and it will gradually pick up hydrogen from the ser-
vice environment. As a result, the brittle zirconium hydride parti-
cles will form in zirconium and its alloys when the hydrogen
concentration reaches a certain level. With the growth of hydride
particles, a non-uniform internal stress field will be produced, and
micro cracks may nucleate and propagate in the structure, resulting
in the degradation of mechanical properties of the materials. For
example, the fracture strength of the alloys can be reduced by or-
ders of magnitude. It is a general consensus that critical conditions
for the fracture initiation at hydrides are controlled by the morphol-
ogy and microstructure of hydride precipitates. Therefore, the abil-
ity of predicting the morphology and microstructure evolution of
hydride precipitation may play an important role in the reliability
and safety assessment of zirconium structures.

In situ experimental study of the morphological evolution of hy-
dride precipitates is an important way to investigate the failure
mechanism of hydride-induced fracture in irradiated materials.
Early experimental investigations [1–4] on hydride morphologies
in zirconium and zirconium alloys showed a habit plane of
ll rights reserved.
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f10 �10g type and needle-like c-hydrides growing in h11 �20i direc-
tions. Experiments also showed that applied stress plays an impor-
tant role in the morphology of hydrides. The tensile stress tends to
change the orientation of habit planes so that the needle-like hy-
drides orient perpendicularly to the tensile direction. A threshold
stress might be necessary in order for the hydrides to reorient them-
selves. In general, experimental study of hydride morphology and
microstructure evolution in irradiated materials is rather expensive.
Moreover, most observations were made on the surface of the spec-
imen, and sectioning the specimen into bulk can only provide a
‘snap shot’ of the morphology at a given moment of the evolution.

On the other hand, due to the complexity of the problem, early
theoretical studies had made simplified assumptions such as that
the hydrides at a crack tip is a rectangular plate, see for examples,
[5–9]. A theoretical model capable of predicting a multi-dimen-
sional morphological evolution of hydrides had not been
accomplished until 2000. Since 2000, we have been working on
developing a theoretical framework for the realistic prediction of
multi-dimensional hydride morphology evolution in zirconium
using the phase-field method (PFM). The three key processes,
namely, hydrogen diffusion, hydride phase transformation, and hy-
dride fracture will be included in this framework.

PFM is a powerful computational approach to model and pre-
dict mesoscale morphological and microstructure evolution in
materials [10]. In PFM, the compositions and phases (microstruc-
tures) in a system are described by a set of conserved and
non-conserved field variables that are continuous across the inter-
facial regions. These field variables are assumed to follow the
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time-dependent Ginzburg–Laudau dynamic equations (also called
non-linear Langevin equations for non-conserved variables, and
Fick’s diffusion equations for conserved variables). For simplicity,
our early work only considered linear elastic deformation in the hy-
drides and in zirconium matrix [11–14], and the simulation results
on the hydrogen diffusion and hydride precipitation in zirconium
under uniformly and non-uniformly applied stress were very
encouraging. However, both experimental observations and numer-
ical simulations showed that the maximum stress around hydrides
in zirconium is greater than the yield stress of the matrix, i.e., plastic
deformation in zirconium will take place during phase transforma-
tion. Furthermore, stresses at flaws such as at crack or notch tips
may also exceed the yield stress. Therefore, it is necessary to appro-
priately account for the effect of plastic deformation in our theoret-
ical framework. In this paper, an elastoplastic phase-field model is
described and the predictions of the morphology evolution of hy-
dride precipitation in zirconium using this new model will be com-
pared with the ones obtained from the linear elastic method.

2. The elastoplastic phase-field model for specimens without
flaws

We will take c-hydrides as the example. Other types of hydrides
(d and e) can be easily modeled using the same procedures. In fact,
the simulations on polycrystalline zirconium described in the next
section are also good for d-hydrides as long as the simulation is in a
two-dimensional space. The c-hydrides are formed as a result of
high cooling rates and have a face-centered tetragonal structure.
If observed in (0001) plane of zirconium hexagonal matrix, they
appear needle-like with axis along three h11 �20i directions [1].
Within the face-centered tetragonal lattice, hydrogen atoms only
occupy four tetrahedral interstitial positions, leaving the other four
tetrahedral positions empty. As in the elastic phase-field model
[11,12], we use the non-conservative structural field variables
gp(r, t) (p = 1, 2, 3) to characterize the three orientation variants
of c-hydrides along three h11 �20i directions. For a given orienta-
tion of needle-like hydrides, gp(r, t) = 1 or �1 represents the two
types of c-hydrides in which a different set of tetrahedral positions
is occupied by hydrogen, respectively. gp(r, t) = 0 corresponds to a
state of no c-hydrides formed. According to the phase-field meth-
odology, gp(r, t) have been assumed to follow the Langevin dy-
namic equations; while the conserved field variable, hydrogen
concentration in the matrix and in the hydrides c(r, t), is assumed
to obey the generalized Fick’s diffusion equation

ogpðr; tÞ
ot

¼ �Lp
dF

dgpðr; tÞ
þ fpðr; tÞ ðp ¼ 1;2;3Þ; ð1Þ

ocðr; tÞ
ot

¼ Mr2 dF
dcðr; tÞ þ nðr; tÞ; ð2Þ

where Lp and M are kinetic coefficients characterizing structural
relaxation and diffusion mobility, respectively. Note that M has
been assumed to be a weak function of hydrogen concentration
and location. The noise terms fp(r, t) and n(r, t) follow Gaussian dis-
tribution and satisfy the requirements of the fluctuation–dissipa-
tion theorem. F is the total free energy of the system that includes
chemical free energy for phase transformation, interface energy be-
tween matrix and hydride particles, and strain energy
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Z

f0ðcðrÞ;gpðrÞÞ þ
X3

p¼1

jp

2
½rgpðrÞ�

2 þ jc

2
½rcðrÞ�2

( )
d3r þ E;

ð3Þ

where f0 is the local specific chemical free energy, jp and jc are gra-
dient energy coefficients for orientation fields and composition
field, respectively. The cross gradient energy terms are neglected
for simplicity, and the integration is performed over the entire sys-
tem. The two gradient terms are used to represent the interfacial
energy between hydrides and matrix. E is the strain energy of the
whole system. Eq. (1) simply says that the formation of hydride
phase is determined by the minimization of total system energy,
with dF/dgp = 0 representing the final equilibrium state.

First, the local specific chemical free energy may be approxi-
mated using a Landau-type of free energy polynomial
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where c1 and c2 are the equilibrium concentrations of hydrogen in
matrix and in hydrides, respectively. Ai (i = 1, . . . ,7) are phenomeno-
logical constants which are selected to satisfy the degenerate
minima with respect to the order field variables at hydrogen con-
centrations c1 and c2. The values of A1 � A4 mainly determine the
two minima in the specific chemical free energy at c1 (gp(r, t) = 0)
and c2 (gp(r, t) = 1 or �1); while a proper choice of A5 � A7 provides
the insurance that two (or three) different hydride variants can not
grow at the same location (otherwise the specific chemical free en-
ergy will increase significantly). The exact shape of the specific
chemical free energy f0 in (c, gp(r, t)) space is not well known. How-
ever, the values of c1 and c2 for a given temperature in zirconium
have been measured experimentally. Our main task in defining
the values of A1 � A7 was to find the two minima accurately at c1

(gp(r, t) = 0) and c2 (gp(r, t) = 1 or �1).
The strain energy (E) should account for the volume expansions

due to hydrogen interstitial atoms and hydride particles, the elastic
interaction between hydrogen atoms and hydride particles, and
the elastic interaction between these impurities and externally ap-
plied stresses. It is worthy to note that the strain energy should in-
clude not only elastic deformation, but also plastic deformation.
According to the Khachaturyan–Shatalov (KS) theory [15,16], the
strain energy of an anisotropic discontinuous body can be de-
scribed equivalently by an anisotropic continuous body of the
same macroscopic size and shape, but having heterogeneous misfit
stress-free strains (some time also called eigen strains) at cracks,
secondary phases and so on. The exact expression of strain energy
under a stress-controlled boundary condition is given by a function
of eigen strains e0

ij
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where V is the system volume; the integral
R
-- in the infinite recipro-

cal space is evaluated as a principal value excluding the point k = 0;
Xjk(n) is the Green function tensor, which is the inverse of the ten-
sor X�1

jk ðnÞ ¼ niCijklnl; Sijkl is the elastic compliance tensor inverse to
the elastic modulus Cijkl; n = k/k is a unit directional vector in the
reciprocal space; ~r0

ijðkÞ ¼ Cijkl~e0
klðkÞ; ~e0

klðkÞ are the Fourier transforms
of e0

klðrÞ (i.e., ~e0
klðkÞ ¼

R
e0

klðrÞ � expð�ik � rÞd3r); the superscript aster-
isk (*) indicates the complex conjugate; and rappl

ij is the applied
external stress. According to KS theory, the first term in Eq. (5)
denotes the energy required to squeeze the transformed phase
particles, voids or cracks to provide an initial undistorted state (to
restore their original shapes before the transformation). The second
and third terms are the energy reductions due to the macroscopic
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homogeneous relaxation and local heterogeneous strain relaxation
of the squeezed state, respectively. The last two terms are the work
done by the external load.

When a state of equilibrium is reached, the thermodynamic
driving force becomes zero, and the total stress can be given by
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In a system containing hydrides, hydrogen interstitial atoms in
solid solution, and plastic deformation, the total eigen strains are
given by

e0
ijðrÞ ¼

X3

p¼1

egijðpÞg
2
pðrÞ þ ec

ijdcðrÞ þ ep
ijðrÞ; ð7Þ

where gp(r) is the normalized structural order parameter describing
the pth variant and egijðpÞ is the corresponding stress-free strain of
hydrides for the pth variant when gp(r) = 1; ec

ij is the stress-free
strain caused by the lattice expansion due to hydrogen interstitials;
dc(r) is the hydrogen concentration difference related to average
hydrogen concentration in zirconium matrix; and ep

ijðrÞ is the plastic
strain in matrix. Since there is little information about plastic defor-
mation inside the hydrides in the literature, we assumed that hy-
drides can only deform elastically. As a result, ep

ijðrÞ can be non-
zero only outside the hydrides. In addition, experimental evidence
showed that when hydride size is very small (in the order of
nano-meters), it is not possible to generate plastic deformation
around the hydrides because the necessary geometric condition
for the formation of dislocations around hydrides is not met. There-
fore, in the very early stage of our simulations (during the nucle-
ation stage), ep

ijðrÞ was treated as zero everywhere.
As one can see, the plastic strain has been treated as a ‘new’ sec-

ondary phase in the system. The stress-free strains egijðrÞ and ec
ijðrÞ

have been measured from experiments, while ep
ijðrÞ has to be deter-

mined by mechanical deformation laws. The plastic deformation is
driven by the reduction in distortion strain energy at the location
of concern [17]. The distortion strain energy can be obtained by fol-
lowing a similar procedure for Eq. (5)
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where e0
ijðrÞ ¼ e0

ijðrÞ � 1=3e0
kkðrÞdij is the deviatoric strain, and the

deviatoric stress in Fourier space is ~s0
ijðkÞ ¼ intV Cijkl�

e0
klðrÞ expð�ik � rÞd3r. The evolution of the plastic zone can then

be depicted by the solution of an additional Langiven equation [17]
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where rp denotes the domain of plastic deformation; in other words,
the Eq. (9) is valid only for the points inside plastic zones; Nijkl is a
kinetic coefficient characterizing the structural evolution rate of
plastic deformation. In fact, Eq. (9) can be regarded as another form
of the classic Prandle–Reuss plasticity theory [18]. We have
assumed an elastic–perfectly plastic stress–strain behavior for the
zirconium matrix, which is a very good representation of the exper-
imental observations. We also assumed that the absolute value of
uniaxial yield stress of zirconium matrix is the same for tension
or compression test. During our simulations, the von Mises yield
criterion was applied at every location except inside the hydrides
and at every time step after the nucleation stage. Once the von
Mises criterion was exceeded, Eq. (9) was then used to determine
the values of ep

ijðrÞ. This methodology was tested not only for uniax-
ial tension–compression simulations (which resulted in an ex-
pected plastic deformation loop in a stress–strain plot), but also
for the plastic zone predictions around a crack or a hole [17].

The kinetic coefficients can change the evolution rate but can
not change the final morphology of the system at equilibrium.
There is little information on kinetic coefficients, Lp and Nijkl, in
the literature. Therefore, for simplicity, we assume that
Nijkl ¼ Sijkl=t0, where t0 ¼ LpmkBT�1. The evolution of hydride pre-
cipitation in zirconium without the presence of voids or cracks
can be described by the simultaneous solution of Eqs. (1), (2) and
(9). Since the above equations are non-linear with respect to the
field variables, more efficient and accurate semi-implicit Fourier-
spectral algorithms have been implemented [19].
3. Simulation results and discussion

The simulations of hydride precipitation were conducted in a
2D representative volume element (RVE) with 256 � 256 uniform
grids, although the formulations described in section 2 are also
good for 3D simulations. The c-axis of the hexagonal Zr crystal is
normal to the 2D plane. The parameters A1 � A7 in the free energy
expression (4) were obtained by fitting to the phase diagram of the
Zr–H system at about 250 �C. The parameters used in the phase-
field simulation are given as follows: A1 = 18.5, A2 = �8.5,
A3 = 11.5, A4 = 4.5, A5 = A6 = A7 = 1.0, all in the unit of 107 J m�3,
jp ¼ jc ¼ 1:5� 107 J m�3, Lp = 0.4 J�1 s�1 m2, M = 0.4 J�1 s�1, Nijkl =
1.0 N m�2 s�1, c1 = 0.006, c2 = 0.59. The elastic constants of zirco-
nium are C11 = 155.40, C12 = 68.03, C13 = 64.60, C33 = 172.51,
C44 = 36.31, C66 = 44.09, all in the unit of GPa [20]. Normalized time
t� ¼ t=t0 was used when solving the dynamic Eqs. (1), (2) and (9),
and the iteration time step was Dt� ¼ 0:001.

To investigate the effect of plastic deformation on the evolution
of hydride precipitation, one circular hydride seed with a radius of
three grids was introduced into elastic and elastoplastic zirconium
matrix, respectively. (It should be noted that the real c-hydride nu-
clei may not be in circular shape. In later simulations, we will not
pre-assume the shape of hydride nuclei.) The yield stress of unirra-
diated zirconium was assumed 540 MPa [21]. We assume that the
plastic deformation only takes place in zirconium, not in hydrides.
The transformation of tetragonal c-hydride precipitates from hex-
agonal zirconium generates three possible equivalent orientation
variants. The stress-free transformation strains caused by the hy-
dride formation for the first orientation variant are 0.00551,
0.0564 and 0.0570 in ½11 �20� , ½1 �100� and [0001] direction, respec-
tively. The eigen strains for the other two orientations can be ob-
tained by rotating the first one about the c-axis by 2p/3 and
�2p/3, respectively. The stress-free transformation strains caused
by hydrogen interstitials in Zr are e11 = e22 = 0.0329, and
e33 = 0.0542. The initial hydrogen concentration in the matrix
was assumed as 0.1, and the field variables ðg1;g2;g3Þ for the hy-
dride were set as (1, 0, 0). To simulate the hydrogen ingress from
environment, one needs to add a source term on the right-hand
side of Eq. (2).

For a period of 5000 time steps, the circular seed has evolved
into needle-like hydride particles because of the crystallographic
anisotropy of transformation strain, as shown in Fig. 1. The x-axis
is along ½11 �20� direction and the y-axis is along ½1 �100� direction.
The distribution of stress ryy and von Misses stress rm in elastic
and elastoplastic matrix are shown in Figs. 2 and 3, respectively.
One can see that the maximum values of stresses are decreased
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significantly due to the plastic deformation in zirconium matrix.
This results in the decrease of hydrogen concentration near the
two ends of the hydride, which results in a reduction of the length
of the hydride particle for the same period of time of growth, as
shown in Fig. 4. The growth of the hydride particle causes large
tensile stresses in the matrix around two ends of needle-like parti-
cle and compressive stresses on the two sides of the hydride as
well as inside the hydride. In general, both strain energy and inter-
facial energy will contribute to the morphology of hydride precip-
itation. Since the interfacial energy was assumed to be isotropic,
the morphology of the hydride particle is dominantly determined
Fig. 1. The shape of a hydride particle simulated by PFM for 5000 time steps (a) in
elastic matrix and (b) in elastoplastic matrix and corresponding plastic zone.

Fig. 2. The distribution of stress gyy (a) in elas

Fig. 3. The distribution of von Misses stress rm (a) i
by the strain energy that is in turn determined by the anisotropic
eigen strains.

For the irradiated zirconium in nuclear power plants, the yield
stress of the zirconium may increase to as much as 800 MPa [21].
As a result, the peak stress increases significantly, while the change
in the distribution of hydrogen concentration is not evident, as
shown in Fig. 5. This is due to the fact that the distribution of
hydrogen concentration is determined by the distribution of the
hydrostatic stress 1

3 ðrxx þ rxx þ ryyÞ, not by the stress distribution
itself. In fact, the patterns of distributions of hydrogen concentra-
tion in Fig. 4 are very similar to that of distributions of hydrostatic
stresses around the hydrides. In the following simulations, the
yield stress of zirconium was assumed to be 540 MPa.

The evolution of three hydride particles after 5000 time steps is
shown in Fig. 6. The particles become needle-like and grow along
the three h11 �20i directions. The growth rate of hydride particles
in the elastoplastic matrix is lower than that in the elastic matrix.
Fig. 6(b) shows the plastic zone around the precipitation variants.

Since the hydrogen atoms in c-hydride tetragonal lattice only
occupy four tetrahedral sites and leave the other four tetrahedral
sites empty [1], therefore, for the same orientation variant, there
are two possible ways of arranging hydrogen atoms in c-hydrides.
We use gp ¼ 1 to represent one way and gp ¼ �1 to represent the
other. When two hydrides with the same gp meet each other
(called in-phase), they coalesce to form a larger hydride, while
when two hydrides with different gp meet (called anti-phase), they
will be separated by a grain boundary similar to stacking fault
interface in crystals. In order to investigate the interaction among
tic matrix and (b) in elastoplastic matrix.

n elastic matrix and (b) in elastoplastic matrix.



Fig. 4. The distribution of hydrogen concentration (a) in elastic matrix and (b) in elastoplastic matrix.

Fig. 5. (a) The distribution of stress ryy and (b) hydrogen concentration c when the yield stress of zirconium is increased to 800 MPa.

Fig. 6. (a) The shape of three hydride variants evolved in elastic matrix for 5000
time steps and (b) the shape of three hydride variants and plastic zone in
elastoplastic matrix simulated by PFM for 5000 time steps.

Fig. 7. The morphology evolution of two in-phase particles in elastic matrix (a)
t* = 4000 and (b) t* = 6000; in elastoplastic matrix (c) t* = 4000 and (d) t* = 6000 and
corresponding plastic zones.
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the precipitation particles, two hydride seeds were placed in the
RVE and separated by a distance of 30 grids in x-direction and three
grids in y-direction between them. Depending on the initial values
of gp, the two hydrides will grow and meet each other either in-
phase, or anti-phase, as shown in Figs. 7 and 8, respectively. In
the in-phase situation, the two hydride particles merged into a lar-
ger one after 6000 time steps. By contrast, in the anti-phase situa-
tion, when the particles meet together they stop expanding at the
contact end and leave an anti-phase grain boundary between
them. This is more clearly seen in Figs. 9 and 10 for hydrostatic



Fig. 8. The morphology evolution of two anti-phase particles in elastic matrix (a)
t* = 4000 and (b) t* = 6000; in elastoplastic matrix (c) t* = 4000 and (d) t* = 6000 and
corresponding plastic zones.

Fig. 9. Hydrostatic stress distribution around two in-phase hy

Fig. 10. Hydrostatic stress distribution around two anti-phase h
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stress distribution around two hydrides. However, the magnitude
of the stresses does not depend on whether it is in-phase or anti-
phase. It is the yield stress of the matrix that controls the magni-
tude of the stresses around the hydrides.

In general, the stresses such as ryy inside horizontally aligned
hydrides are normally negative (compressive) due to the volume
expansion during hydride growth. However, if several hydride par-
ticles growing along different directions meet each other, the strain
field interaction between them will affect the morphology of the
hydrides and more importantly, the stress level inside the hy-
drides, as shown in Figs. 11 and 12. In some situations, a tensile
stress may appear inside a hydride due to other neighbor hydrides.
The maximum tensile stress in hydride particles observed in our
simulation is about 870 MPa in the case of an elastic zirconium ma-
trix, and about 500 MPa for an elastoplastic one. Such a tensile
stress level inside a hydride may already be sufficient to cause frac-
ture of the hydride, which will result in the initiation of micro-
cracks in the structure.

The above simulations were done within a single crystalline zir-
conium, while real materials used in nuclear power plants are
polycrystalline. We assume here that the average grain size of a
polycrystalline zirconium is much smaller than the average size
of the hydrides. This is a good approximation for the radial–cir-
cumferential plane in a pressure tube used in CANDU� nuclear
power plants. We also assume that the material is isotropic (i.e.,
texture is ignored). (A true polycrystalline material with texture
can be simulated using the same methodology with a much higher
computational power.) To mimic this type of polycrystalline
drides (a) in elastic matrix and (b) in elastoplastic matrix.

ydrides (a) in elastic matrix and (b) in elastoplastic matrix.



Fig. 11. The morphology shape of two hydride precipitation variants (a) in elastic
matrix and (b) in elastoplastic matrix and corresponding plastic zone.

Fig. 14. Hydrostatic stress distribution (a) in ela

Fig. 13. The morphology evolution of hydrides simulated by PFM for 5000 time steps (a) t
elastoplastic matrix and corresponding plastic zones.

Fig. 12. The hydrostatic stress distribution around two hydride precipi
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materials, the long range order parameters gp should not be limited
in three directions only. In other words, the orientation of the habit
planes of c-hydrides can be in any directions. The simulation re-
sults in the following are also good for d-hydrides as long as the
plate normal of d-hydrides is within the 2D plane (i.e., the ra-
dial–circumferential plane of a pressure tube in CANDU� reactors).

In order to reduce the computing time, nine equally separated
directions were selected in the 2D plane for gp with p =
1,2,3, . . . ,9. As a result, one needs to solve six additional dynamic
equations of the type Eq. (1). Instead of using Cijkl to represent
the modulus of a single crystal matrix, a Young’s modulus of
81.5 GPa and Poisson’s ratio of 0.33 were used for the isotropic ma-
trix in following simulations. Fig. 13 shows nine hydrides grow-
ing in the nine directions in either elastic matrix or elastoplastic
stic matrix and (b) in elastoplastic matrix.

he initial c-hydride seeds, (b) shape change in elastic matrix and (c) shape change in

tation variants (a) in elastic matrix and (b) in elastoplastic matrix.



Fig. 15. The hydride precipitation process of c -hydride in continuum matrix. (a) t* = 1000, (b) t* = 2000, (c) t* = 3000 and (d) t* = 5000.

Fig. 16. c-Hydride precipitation under external stress (200 MPa) applied vertically. (a) t* = 1000; (b) t* = 2000; (c) t* = 3000; and (d) t* = 6000.
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Fig. 17. Comparison of computer simulation (a) with experimental observation (b) (optical image) of hydride precipitation under uniformly applied tensile stress in vertical
direction [22].

Fig. 18. The applied stress as a function of evolution time and average hydride
length [22].
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matrix. After 5000 time steps, the particles evolved into needle-like
shape along different directions. Since the interfacial energy was
assumed to be isotropic, the strain energy is dominant in hydride
morphology. Similar to the single crystalline case, the evolution
rate of hydride precipitation in elastoplastic matrix is slower than
that in an elastic one. As a result, the length of needle-like hydride
precipitates is shorter for the same evolution time. The plastic
deformation takes place around the ends of needle-like hydride
particles, as shown in Fig. 13(c). Fig. 14 shows the distribution of
hydrostatic stresses in both cases. One can see that the magnitude
of hydrostatic stress is decreased significantly due to the plastic
deformation in matrix.

To simulate the complete process of hydride precipitation from
nucleation, to growth and to coalescence, all the values of gpðr; tÞ
were initially set to be zero in the RVE with 512 � 512 uniform
grids. The noise terms in dynamic Eqs. (1) and (2) were turned
on during the first 1000 time steps to mimic the thermal fluctua-
tion, then turned off afterwards. From Fig. 15, one can see that hy-
dride nuclei larger than a critical size will grow along habit planes.
Coalescence of hydride particles took place in later stage, while
some smaller nuclei disappeared. The growth of different precipi-
tation variants and their mutual positions are strongly dependent
on the long range interaction of strain fields between them, as well
as on the availability of hydrogen atoms in solid solution.

The effect of externally applied stress on the growth of hydride
precipitation was also investigated by the phase-field model.
Fig. 16 shows a case in which a vertical tensile stress of 200 MPa
was applied to the RVE. One can see that the hydrides with the ha-
bit planes perpendicular to the tensile stress grow preferentially.
Other orientation variants are not preferred due to higher strain
energy, therefore almost disappeared. Under the externally applied
tensile stress, the nucleation rate of hydride precipitates becomes
higher. Large hydrides grow even larger at the expense of nearby
smaller hydride particles. Therefore, the precipitation process pro-
ceeded in such a way that the total strain energy in the material is
minimized. The simulated morphologies of the hydride precipita-
tions agree well with that of experimental observations, as shown
in Fig. 17 [22].

In the experiments conducted by Shi and Puls [22], the hydrides
in smooth specimens without cracks were reoriented by a tensile
stress during the cooling from high temperature at various cooling
rates. The average hydride length was found to increase as a func-
tion of time spended during the cooling. Then the fracture strength
of hydrides was measured by gradually increasing the tensile load
and monitoring the acoustic emission at the same time. Their
experimental results showed that, when the externally applied
stress was up to about 640 MPa, the hydride cracking took place
in the specimens where the average length of hydrides was be-
tween 25 and 90 lm (the maximum average length obtained by
the experiments).

The phase-field simulation may help to identify the true frac-
ture strength of these hydrides because the strain and stress at
any location within a specimen are always calculated at any mo-
ment of the simulation (see for example, Eq.(6)). Using PFM, we
first reorient the hydrides by applying a tensile stress of 200 MPa
in a RVE without voids or cracks. After a long period of evolution
time when the average length of hydrides does not change with
time any more, the externally applied tensile stress (rappl) was in-
creased to 640 MPa in the simulation and the average stress in all
hydrides was calculated to be about 560 MPa. In fact, the differ-
ences between the average stresses in hydrides that were evolved
for t* = 7000, 8000, and 9000 are trivial.

A serious of simulations was performed to reorient hydrides for
different evolution times under a tensile stress of 200 MPa, which
results in different average lengths of hydrides. Then the growth of
hydrides was stopped and the average stress in the hydrides was
monitored when the applied tensile load was increased gradually.
When the average stress in hydrides reached 560 MPa, the corre-



X.H. Guo et al. / Journal of Nuclear Materials 378 (2008) 110–119 119
sponding applied tensile stress, rappl, was recorded and compared
to the experimental data from Shi and Puls [22]. The comparison
is given in Fig. 18. It can be seen that when the evolution time is
short, the average hydride length is small, and a higher applied
stress is needed to cause the hydride cracking. This example shows
that a quantitative study can be conducted using PFM if suitable
experimental data are available.

4. Conclusion

The morphological evolution of c-hydride precipitation in zirco-
nium matrix was simulated by a newly developed elastoplastic
phase-field model. In addition to the conserved and non-conserved
field variables that describe the hydrogen concentration and orien-
tation of hydride precipitates respectively, the elastic and plastic
strain were chosen as the field variables to describe the deforma-
tion of the matrix and the hydrides. The simulation results show
that, due to the crystallographical anisotropy of transformation
strain, the hydride particles evolve into needle-like in shape. As a
result, compressive stresses will be produced inside the hydrides,
while the zirconium matrix near the tips of hydride particles will
be subjected to large tensile stresses, which leads to plastic defor-
mations as well as attracts hydrogen atoms in solid solution. The
plastic deformation significantly reduces the magnitude of stresses
around the hydrides as compared to pure elastic deformation,
which results in a reduced hydride growth. A tensile stress may ap-
pear inside a hydride if other nearby hydrides grow in different
directions. The strain and stress at any location and at any moment
in a specimen can be readily obtained by the PFM, which provides a
convenient tool to study the fracture criteria of hydrides when
compared to experimental results.
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